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Abstract
There are two popular approaches to modelling and verification
of biological systems. In the first one a system of ordinary differ-
ential equations (ODEs) is developed and solved through numerical
integration techniques yielding a deterministic solution of the model.
In the second one a stochastic (discrete-state) model is obtained and
analysed through (stochastic) simulation techniques, yielding statis-
tical estimates of the system behaviour. We propose an alternative
approach based on probabilistic/stochastic model checking techniques.
Relaying on temporal logic formalisms we investigate the possibility
for a query language for stating biological properties of a system’s
model. Such queries are then automatically evaluated through exist-
ing model checking algorithms. To exemplify such approach we con-
sider a biochemical oscillator taken from the literature. First we study
such oscillator through the classical ODEs and stochastic simulation
approaches. Then we develop a number of (probabilistic) queries that
we verify against a Markov chain model of the oscillator, through the
probabilistic model checler PRISM.
1 Introduction
The quantitative analysis of the dynamics of biological systems is a funda-
mental task in systems biology, a new research field that focuses on the sys-
tematic study of complex interactions using an integrative approach rather
than a reductive one [8]. Even simple biochemical networks of interacting
proteins can show surprisingly complex behavior, a behavior that cannot
be understood looking at the evolution of the single components but that
instead requires a systemic analysis approach.
Traditionally, the study of time-dependent dynamics of biological sys-
tems has been addressed with deterministic approaches, based on ordinary
differential equation (ODE, hereafter) models. ODEs provide quite an ade-
quate abstraction for capturing the interactions and transformation of bio-
chemical species, and come with a consolidated set of computational tools
for model definition and solution [6]. More recently, stemming from the
foundational work of Gillespie [4], a discrete approach to the modeling of
biochemical systems has been gaining consensus, especially to model sys-
tems in which the continuous approximation does not seem to be justified,
for instance when only a few molecules exist for some species.
The relationships between the continuous deterministic and the discrete
stochastic representation of a given system are quite interesting and still sub-
ject of research. When the number of molecules that constitute a molecular
network is low, the stochastic modeling may represent a more suitable tool
to represent and analyze the dynamics of the system. On the other hand,
as the number of molecules grows, abstracting discrete number of molecules
into continuous concentration levels and representing evolution of dynamics
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through a system of coupled ODEs provides very accurate representations
and also has the advantage of not suffering from the state-space explosion
problem that plagues stochastic modeling tools. Moreover, stochastic mod-
els are mostly solved via simulation, which may require performing a sub-
stantial number of simulation runs to compute statistically relevant results.
When dealing with biological systems that exhibit complex patterns of
behavior, it may be difficult to check whether the dynamics of the system
satisfies some interesting properties. One of such properties, quite often
vaguely defined, is the oscillatory behavior that characterizes a variety of
biological systems [2].Whereas it is comparatively easy to hypothesize the
presence of oscillations through visual inspection of simulated time courses,
another matter is to precisely verify whether the oscillations will continue
forever or rather will definitely stop, either by being progressively damped
down or abruptly interrupted. In this respect, the abstraction adopted by
ODE models has some advantages, because the deterministic approach en-
sures that any periodic evolution will indefinitely repeat. However, as we
will see in this paper, such properties may appear to hold only because of
the continuous approximation. On the other hand, results obtained from
discrete stochastic models can still provide clues about the existence of os-
cillatory behaviors, but the noise introduced by stochastic fluctuations may
make them appear less pronounced. Furthermore, when oscillations do ex-
ist but their phase, period and amplitude is also varying stochastically, a
multi-run analysis of simulation traces over the time domain does not help
in characterizing the long-range behavior of the system.
In this paper we consider two examples of models of biochemical sys-
tems taken from the literature, which we use as case studies to demonstrate
the advantages of a formal approach to the definition and verification of
properties of biological systems, including oscillatory behaviors. The major
contribution of this paper is the definition of an approach to the formal
specification of properties, based on Probabilistic Computation Tree Logic
(PCTL, hereafter) [5] and Continuous Stochastic Logic (CSL) [1]. PCT/CSL
formulas can be used to precisely define properties of system dynamics, such
as convergence of a variable to a fixed value, bound oscillation around a
fixed value, perpetual alternation of growth and decrease phases, relation-
ships among multiple variables. Such formulas define a query-language in
which a user can encode a property of the systems he intends to verify.
Probabilistic model checkers that accept PCTL formulas defined over the
variables of a discrete stochastic model can then be used to verify whether
the property holds of the system. In this paper, we show how the PRIMS [9]
model checker can be used for this purpose. We apply our formal approach
to the example models to show how system properties can be characterized
and to demonstrate the insights that can be obtained into system dynamics
with the verification with PRISM. We show the obvious advantages provided
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by the exact quantitative solutions returned by a model-checking tool. In
contrast, simulation of stochastic models can only provide statistically ap-
proximate solutions. Our proposed approach applies to general models of
biological systems, its current limitation being the fact that only models
having a bounded state space are amenable to analysis.
2 Conclusion
In this paper we have proposed a comparative study of modelling techniques
for the analysis of biochemical systems. We have focused on a specific class
of systems, ones whose behaviour is characterised by existence of oscillations
in the quantities of reactants they consist of. First we have demonstrated
how useful insight about an oscillating system can be gained by application
of standard system biology’s modelling techniques, such as solution of con-
tinuos deterministic (ODEs) model and simulation of a discrete stochastic
model. However we have seen that both such methods lack to fulfil the
modeller needs for analysis of the considered system. We have then argued
that formal languages, such as temporal logic, may be applied to encoding
relevant characteristic of an oscillator, providing a formalisation of the oscil-
lation permanence in terms of two popular logic: CTL and PCTL. We have
then developed a Markovian model of both a transient oscillator, known as
the 3-way oscillator as well as of its permanent oscillation variant. We have
demonstrated the effectiveness of automated temporal logic verification, by
coding such models in the probabilistic model checker PRISM. we have been
able to perform a thorough probabilistic analysis of several reachability as
well as reward based logical formulae, which provided us with interesting
outcomes which could not be obtained otherwise. Future developments of
this work include the extension of the proposed methodology to the verifi-
cation of more complex biological systems, such as the cell-cycle, a model of
which is currently being developed and analysed.
2.1 Related work
Application of model checking techniques to system biology has been pro-
posed in some other works. In [7], Kwiatkowska et al. developed a non trivial
stochastic model of the complex Fibroblast Growth Factor (FGF) signalling
pathway. They used PRISM to code the FGF pathway and developed a
number of probabilistic properties, some of which reward-based, to verify
relevant properties of the signalling mechanism. In [3] Gilber et al. propose
a general overview about formal modelling techniques suited to the verifi-
cation of biological systems. Based on Petri Net model of the ERK signal
transduction pathway, they identify what type of formalisms/verification-
technique, is suitable to what type of analysis the modeller is interested in.
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Hence in the discrete-state modelling framework non-probabilistic model
checking (i.e. standard temporal logic) has to be used to perform qualitative
analysis, whereas probabilistic/stochastic is needed for quantitative analy-
sis. Finally in the continuous-state modelling framework, ODEs solution as
well as Linear Time Logic with constraints (LTLc) are to be used for model
analysis.
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